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Abstract: We define different non-relativistic limit of p-brane with the help of canonical
form of the p-brane action. We discuss properties of these actions and their symmetries.
Contents
1. Introduction and Summary 1
2. Non-Relativistic Limit of p-Brane Canonical Action 3
3. The First Case: G˜ij is Non-singular Matrix 6
4. Elimination of Divergent Term 11
5. Particle Limit of p-Brane Action 14
5.1 The Case of Fundamental String 16
1. Introduction and Summary
Recently new interesting formulation of non-relativistic theories was proposed in [1] and
further elaborated in [2, 3, 4, 5] 1. These theories belong to the class of systems with reduced
symmetries that were analyzed recently from different point of views. Such a very impor-
tant subject is non-relativistic holography that is very useful tool for the study of strongly
correlated systems in condensed matter, for recent review see [6]. Non-relativistic sym-
metries also have fundamental meaning in the recent proposal of renormalizable quantum
theory of gravity known today as Horˇava-Lifshitz gravity [7], for recent review and extensive
list of references, see [8]. There is also an interesting connection between Horˇava-Lifshitz
gravity and Newton-Cartan gravity [9, 10]. In fact, Newton-Cartan gravity and its relation
to different limits was also studied recently in series of papers [11, 12, 13, 14, 15, 16, 17].
Another possibility how to define non-relativistic theories is to perform non-relativistic
limit on the level of action for particle, string or p-brane. The first example of such object
was non-relativistic string introduced in [18, 19]. These actions were obtained by non-
relativistic ”stringy” limit where time direction and one spatial direction along the string
are large. The stringy limit of superstring in AdS5 × S5 was also formulated in [20] and it
was argued here that it provides another soluble sector of AdS/CFT correspondence, for
related work, see [25, 26]. Non-relativistic limit was further extended to the case of higher
dimensional objects in string theory, as for example p-branes [21, 22, 23, 24].
It is important to stress that there is also non-relativistic limit of the relativistic string
where only the time direction is large. In this case non-relativistic string does not vibrate
and it represents a collection of non-relativistic massless particles.
1For recent very nice proposal of non-relativistic string, see also [29].
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All these limits were very carefully analyzed in [1] where the general procedure how
to implement non-relativistic limit for different relativistic action was proposed. The main
idea is to start with an action for relativistic extended object with coordinates X
S =
∫
L(X) (1.1)
and assume that the Lagrangian density is pseudo-invariant under set of relativistic sym-
metries δR
δRL = ∂µFµ . (1.2)
Then in order to find non-relativistic limit of this action we introduce dimensionless param-
eter ω and we define different non-relativistic limits by appropriate rescaling coordinates
and parameters in Lagrangian density. Then we can presume that the Lagrangian density
and symmetry transformation can be expanded in powers of ω
δR = δ0 + ω
−2δ−2 + . . . ,
δL = ω2L2 + L0 + ω−2L−2 + . . . ,
Fµ = ω2Fµ2 + F
µ
0 + ω
−2F
µ
−2 + . . . ,
(1.3)
where the first term in the expansion of the relativistic symmetry δR is the non-relativistic
transformation δ0. Then the equation (1.2) implies infinite set of the equations when we
compare expressions of the same orders in ω
δ0L2 = ∂µFµ2 ,
δ0L0 + δ−2L2 = ∂µFµ0 ,
δ0L−2 + δ−2L0 + δ−4L2 = ∂µFµ−2 .
(1.4)
The special case occurs when the Lagrangian density is invariant under relativistic sym-
metry so that Fµ = 0. Then from previous equations we see that L2 is invariant under
non-relativistic symmetry while L0 is generally not invariant under non-relativistic sym-
metry. It is further important to stress that L2 contributes to the action with the factor
ω2 and hence gives a dominant contribution in the limit ω → ∞, while L0 remains finite
and terms proportional to L−2,L−4, . . . vanish.
Since this general procedure is very interesting we mean that it is useful to explore it in
more details. In particular, we would like to formulate this procedure using the canonical
form of the action when we express Lagrangian density using corresponding Hamiltonian.
It turns out that it is very useful since it allows us to straightforwardly identify physical
degrees of freedom in the limit ω → ∞. More precisely, we introduce scaling of non-
relativistic directions at the level of the action and then we find corresponding Hamiltonian
for finite ω. Corresponding canonical action is invariant under relativistic transformations
by definitions and we also determine form of these transformations for rescaled variables
for finite ω. Then we discuss properties of resulting Lagrangian density in dependence
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on the scaling of the tension of original p-brane and on the number of non-relativistic
dimensions. We argue that the non-relativistic Lagrangian L0 is invariant under non-
relativistic symmetries on condition when the Lagrangian L2 vanish in agreement with the
general discussion in [1]. We also argue that in case when L2 is non-zero the variation
of the Lagrangian density L0 under non-relativistic transformations exactly cancels the
variation δ−2L2. On the other hand in this case we are not quite sure how to deal with
divergent term in the Lagrangian which however can be canceled when we allow that p-
brane couples to appropriate p+1-form field exactly as in [24]. However the fact that there
is a background p+ 1 form breaks the original relativistic symmetry to the subgroup that
leaves this background field invariant and hence the symmetry group is reduced. More
precisely, in case when we cancel divergent term the Lagrangian density L2 is zero and
hence the Lagrangian density L0 has to be invariant under reduced group of symmetries.
Of course, there is on exception which is a fundamental string when it can be shown that in
the flat space-time the Lagrangian density L2 is total derivative and hence can be ignored
[1]. We also determine Hamiltonian constraint for the non-relativistic p-brane and we show
that it is linear in momenta.
As the final part of our work we focus on particle-like limit of p-brane when only
time direction is large. Using canonical form of the action we easily find corresponding
Lagrangian and we show that it is invariant under Galilean transformations.
Let us outline our results. We propose different non-relativistic limits for p-brane
when the relativistic action has canonical form. We discuss two particular cases where
the corresponding Hamiltonian constraint takes very simple form even if this procedure is
completely general and serves as an analogue to the procedure suggested in [1]. On the
other hand using the canonical form of the action we can easily find dynamical degrees
of freedom and corresponding Hamiltonian. Then when perform inverse transformation
we derive Lagrangian density that differs from the Lagrangian density that is derived
from the relativistic Lagrangian density by absence of the kinetic term for non-relativistic
coordinates which is mostly seen on an example of the particle like limit of relativistic
p-brane. We show that these two Lagrangian densities agree in case of fundamental string
as in [1].
This paper is organized as follows. In the next section (2) we introduce non-relativistic
limit of canonical form of the action and discuss symmetries of the theory. In section (3)
we analyze particular case when the matrix G˜ij is non-singular. In section (4) we discuss
the possibility how to eliminate divergent term by coupling of p-brane to p+1 form and we
derive corresponding non-relativistic Hamiltonian. In section (5) we perform particle-like
non-relativistic limit of p-brane and fundamental string.
2. Non-Relativistic Limit of p-Brane Canonical Action
In this section we formulate our proposal how to define non-relativistic p-brane using the
canonical form of the action. The starting point is an action for relativistic p-brane
S = −τ˜p
∫
dp+1ξ
√− detAαβ ,
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Aαβ = ηAB∂αx˜
A∂βx˜
B ,
(2.1)
where x˜A , A = 0, . . . , d label embedding of p-brane in the target space-time and where
ηAB = diag(−1, 1 . . . , 1︸ ︷︷ ︸
d
). It is important to stress that the action is invariant under rela-
tivistic symmetry
x˜′A = Λ˜ABx˜
B + bA , Λ˜CAηCDΛ˜
D
B = ηAB , (2.2)
where Λ˜AB, b
A are constants. The action (2.1) was the starting point for the definition of the
non-relativistic limit that was presented in [1]. As was argued there it is possible to define
p + 1 different non-relativistic limits according to the number of embedding coordinates
(0, . . . , p+ 1) that are rescaled. Explicitly, we have
x˜µ = ωXµ , µ = 0, . . . , q , x˜M = XM , M = q + 1, . . . , d , τ˜ =
τ
ωkq
,
(2.3)
where the number kq depends on the form of the non-relativistic limit. Inserting (2.3) into
definition of the matrix Aαβ we obtain that it has the form
Aαβ = ω
2G˜αβ + aαβ ,
G˜αβ ≡ ∂αXµ∂βXµ , aαβ = ∂αXM∂βXM .
(2.4)
Observe that we can write the matrix Aαβ as
Aαβ = GAB∂αX
A∂βX
B = Gµν∂αX
µ∂βX
ν +GMN∂αX
M∂βX
N , (2.5)
where Gµν = ω
2ηµν , GMN = δMN .
Our proposal is to define non-relativistic limit with the help of the canonical form of
the action. To do this we find Hamiltonian formalism for p-brane for finite ω and take
the limit ω → ∞ after we derive canonical form of the action. Note that kq is an integer
number that will be determined by requirement that there are terms in the Lagrangian
density at most quadratic at ω2. Using (2.4) we find following conjugate momenta
pµ = − τp
ωkq
ω2∂βXµ(A
−1)β0
√
− detA ,
pM = − τp
ωkq
∂αXM (A
−1)α0
√
− detA . (2.6)
Then it is easy to see that the bare Hamiltonian is equal to zero
HB =
∫
dpξ(pµ∂0X
µ + pM∂0X
M − L) = 0
(2.7)
while we have following collection of the primary constraints
Hi = pµ∂iXµ + pM∂iXM ≈ 0 ,
H˜τ = 1
ω2
pµη
µνpν + pMp
M +
τ2p
ω2kq
detAij ≈ 0
(2.8)
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so that the Lagrangian density has the form
L = pµ∂0Xµ + pM∂0XM − λτ ( 1
ω2
pµη
µνpν + pMp
M +
τ2p
ω2kq
detAij)−
− λi(pµ∂iXµ + pM∂iXM ) .
(2.9)
Let us now discuss the Lorentz transformation (2.2) in more details. It is instructive to
write them in the form (
x˜′µ
x˜′M
)
=
(
Λ˜µρ Λ˜
µ
K
Λ˜Mρ Λ˜
M
K
)(
x˜ρ
x˜K
)
. (2.10)
If we replace original variables with rescaled ones we obtain
X ′µ = Λ˜µνX
ν +
1
ω
Λ˜µMX
M ,
X ′M = ωΛ˜MνX
ν + Λ˜MNX
N ,
(2.11)
where Λ˜AB has to obey the equation
Λ˜ACΛ˜
B
DηAB = ηCD . (2.12)
It is natural to require that the transformation rule for XM is finite in the limit ω → ∞
and hence we perform following rescaling
Λ˜Mν =
1
ω
ΛMν . (2.13)
Further, from (2.11) we see that Λ˜µν , Λ˜MN are not rescaled:
Λ˜µν = Λ
µ
ν , Λ˜
M
N = Λ
M
N . (2.14)
On the other hand if we decompose (2.12) into corresponding components we obtain
ΛρµηρσΛ
σ
ν +
1
ω2
ΛMµδMNΛ
N
ν = ηµν ,
ΛµρηµνΛ˜
ν
M +
1
ω
ΛNρδNKΛ
K
M = 0 ,
Λ˜µMηµνΛ
ν
ρ +
1
ω
ΛNMδNKλ
K
ρ = 0 ,
1
ω2
ΛµMηµνΛ
ν
N + Λ
K
MδKLΛ
L
N = δMN
(2.15)
and we see that we have to demand following scaling rule for Λ˜µM
Λ˜µN =
1
ω
ΛµM . (2.16)
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Using there results in (2.11) we obtain final form of Lorentz transformations for rescaled
variables:
X ′µ = ΛµνX
ν +
1
ω2
ΛµMX
M , X ′M = ΛMNX
N + ΛMνX
ν (2.17)
or in its infinitesimal form: Λµν = δ
µ
ν + ω
µ
ν ,Λ
µ
M = λ
µ
M ,Λ
M
ν = λ
M
ν ,Λ
M
N = δ
M
N + ω
M
N
δXµ = X ′µ −Xµ = ωµνXν +
1
ω2
λ
µ
MX
M ,
δX ′M = X ′M −XM = ωMNXN + λMνXν
(2.18)
so that
δ0X
µ = ωµνX
ν , δ0X
M = ωMNX
N + λMνX
ν , δ−2X
µ = ΛµMX
M .
(2.19)
It is important to stress that the parameters ωµν , λMµ can be expanded in powers of ω
−2 so
that we obtain infinite number of terms in the expansion of the Lorentz transformations in
agreement with the general definition (1.4). However for our purposes the number of these
terms given above is sufficient.
Since we consider Lagrangian density in the canonical form we also have to find cor-
responding transformation rule for conjugate momenta. For simplicity we will consider
infinitesimal form of the transformation and we demand that the combination pµ∂0X
µ +
pM∂0X
M is invariant
δpµ∂0X
µ + pµ∂0δX
µ + δpM∂0X
M + pM∂0δX
M = 0 (2.20)
that in the end implies following transformation rules
δpµ = −pνωνµ − pMλMµ , δpM = −pNωNM −
1
ω2
pµλ
µ
M . (2.21)
It is clear that the Lagrangian density (2.9) is invariant under these transformations since
it is manifestly invariant under Lorentz transformations and the transformation rules given
above are ordinary Lorentz transformations rewritten with the help of the rescaled vari-
ables. Another situation occurs when we consider specific form of the non-relativistic
Lagrangian density and study its properties in the limit ω →∞. It is important to stress
that the Lagrangian density (2.9) is exact in ω and we can perform its expansion in powers
of ω2 exactly as in [1] even for the case when the matrix G˜ij is singular. For simplicity
we restrict ourselves to two particular cases that allow to find simple result which however
also describe main properties of the procedure introduced above. We start with the case
when the matrix G˜ij is non-singular.
3. The First Case: G˜ij is Non-singular Matrix
As the first possibility we consider the case when G˜ij is non-singular matrix. Note that it
is p × p matrix in the form ∂iXµηµν∂jXν where ∂iXµ is p × (q + 1) matrix where q ≤ p.
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In case when q + 1 = p we find that G˜ij is non-singular matrix and we can write
det(ω2G˜ij + aij) = ω
2p det G˜ det(δji +
1
ω2
G˜ikakj) . (3.1)
If we choose kq = p we find that the Lagrangian density has the form
L = pµ∂0Xµ + pM∂0XM −
− λτ ( 1
ω2
pµη
µνpν + pMp
M + τ2p det G˜ij +
1
ω2
τ2p det G˜ijG˜
ijaji)
− λi(pµ∂iXµ + pM∂iXM )
(3.2)
so that we can easily take the limit ω →∞ and we obtain
L = pµ∂0Xµ + pM∂0XM −
− λτ (pMpM + τ2p det G˜ij)− λi(pµ∂iXµ + pM∂iXM ) .
(3.3)
It is easy to see that this Lagrangian density is invariant under transformations
δXµ = ωµνX
ν , δX ′M = ωMNX
N + λMνX
ν ,
δpµ = −pνωνµ − pMλMµ , δpM = −pNωNM
(3.4)
using the fact that in the limit ω →∞ we have following conditions
ωρσ + ωσρ = 0 , ωKL + ωLK = 0 .
(3.5)
As the next step we determine canonical equations of motion from an extended Hamiltonian
H =
∫
dpξ(λτ (pMp
M + τ2p det G˜ij) + λ
i(pµ∂iX
µ + pM∂iX
M )) (3.6)
so that we have following collection of the canonical equations of motion
∂0X
M =
{
XM ,H
}
= 2λτpM + λi∂iX
M ,
∂0pM = {pM ,H} = ∂i(λipM ) ,
∂0X
µ = {Xµ,H} = λi∂iXµ ,
∂0pµ = {pµ,H} = ∂i[2λτ τ2p ∂jXµG˜ji det G˜ij ] + ∂i[λipµ] ,
pMp
M + τ2p det G˜ij = 0 , pµ∂iX
µ + pM∂iX
M = 0 .
(3.7)
Let us try to solve these equations of motion at the spatial gauge when Xi = ξi. Then the
equation of motion for Xi implies λi = 0 and the equations of motion for pM implies that
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pM can depend on ξ
i only. Further we see from the Hamiltonian constraint that the only
possibility is to demand that t and XM , pM depend on ξ
i. Without lost of generality we
presume that it depends on ξ1 only and hence the matrix G˜ij is diagonal in the form
G˜ij = diag(1− t′2, 1, . . . , 1) . (3.8)
Then the equation of motion for pi are automatically satisfied for i 6= 1 and imply pi = 0
which is also in agreement with the spatial diffeomorphism constraints that imply pi =
−pM∂iXM . For i = 1 the equation of motion for p1 has the form
∂0p1 = ∂1[2λ
τ τ2p ] (3.9)
that determines the value of the Lagrange multiplier λτ since p1 = −pM∂1XM and since
pM depend on x only:
2
∂21t
∂1t
=
∂1λ
τ
λτ
(3.10)
that has the solution
λτ = C∂1t
2 , (3.11)
where C is a constant. Using this result we finally find that XM = 2C∂1t
2pMξ
0+kM where
kM can depend on ξ1 at least in principle. We see that the non-relativistic p-brane moves
freely in the transverse space where however coordinates depend on ξ1 through the function
∂1t. The simplest possibility os to choose t = kξ
1 where k has to obey the condition k > 1.
Then we can choose λτ = 1 for C = 1
k2
and XM has following time dependence
XM = 2pMξ0 , pMp
M = τ2p (k
2 − 1) . (3.12)
Let us now determine Lagrangian for this non-relativistic p-brane. In fact, using the
equations of motion for XM and Xµ we easily find corresponding Lagrangian density
L = 1
4λτ
(∂0X
M − λi∂iXM )(∂0XM − λj∂jXM )− λτ det G˜ij . (3.13)
As the next step we eliminate Lagrange multipliers using corresponding equations of motion
1
4(λτ )2
(∂0X
M − λi∂iXM )2 + τ2p det G˜ij = 0 ,
∂iX
M (∂0XM − λj∂jXM ) = 0 .
(3.14)
To proceed further let us analyze the matrix Fij = ∂iX
M∂jXM . This is p×p matrix which
is given as a product of p× (d− q) matrices ∂iXM and (d− q)× (d− q) matrix δMN and
hence has the rank min(p, (d − q)). This matrix will be non-singular if p < d − q which
leads to the condition (using the fact that q = p− 1)
p <
d+ 1
2
. (3.15)
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Let us presume this case and hence we can solve the last equation in (3.14) for λi as
λi = F0jF
ji , Fαβ ≡ ∂αXM∂βXM (3.16)
so that the first equation in (3.14) gives
(λτ )2 = − 1
4τ2 det G˜ij
(F00 − F0kF kjFj0) = − 1
4τ2 det G˜ij detFij
detFµν (3.17)
and hence the Lagrangian density has the final form
L = τ
√
− det G˜ij detFαβ
detFij
(3.18)
Of course, the last condition holds on condition that the matrix Fαβ = ∂αX
M∂βXM is
non-singular. On the other hand we have that this is (p+1)× (p+1) matrix with the rank
given as min(p+ 1, d − (p − 1)) that implies
p <
d
2
(3.19)
that is stronger condition than the condition (3.15) but certainly can be obeyed. Finally
note that (3.18) is invariant under scaling transformations
X ′µ = λ
−
1
pXµ , X ′M = λXM . (3.20)
It is interesting that the Lagrangian density derived from the Hamiltonian is not unique.
For example, let us consider an equation of motion for Xµ
∂0X
µ = λi∂iX
µ . (3.21)
Multiply this equation with ∂jXµ we obtain
∂0X
µ∂jXµ = λ
iG˜ij (3.22)
that can be solved for λi using the fact that G˜ij is non-singular
λi = G˜ijG˜j0 , G˜αβ = ∂αX
µ∂βXν . (3.23)
Then the equation of motion for λτ has the form
(λτ )2 = − 1
4τ2 det G˜ij
(a00 − 2G˜0jG˜jiai0 + G˜0iG˜ikaklG˜ljG˜j0) (3.24)
and hence we obtain following Lagrangian density
L = −τ
√
(a00 − 2G˜0jG˜jiaj0 + G˜0iG˜ikaklG˜ljG˜j0) det G˜ij . (3.25)
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We argued that the form of non-relativistic Lagrangian density depends on the value
of the coefficient kq. Let us consider the second possibility when kq is equal to kq = p− 1
so that the Lagrangian density is equal to
L = pµ∂0Xµ + pM∂0XM −
− λτ ( 1
ω2
pµη
µνpν + pMp
M + ω2τ2p det G˜ij + τ
2
p det G˜ijG˜
ijaji)
− λi(pµ∂iXµ + pM∂iXM )
(3.26)
so that we can easily take the limit ω →∞ and we obtain
L = ω2L2 + L0 , L2 = −λττ2p det G˜ij ,
L0 = pµ∂0Xµ + pM∂0XM −
− λτ (pMpM + τ2p det G˜ijG˜ijaij)− λi(pµ∂iXµ + pM∂iXM ) .
(3.27)
Now we would like to analyze transformation rules for different terms in the Lagrangian.
Clearly we have δ0L2 = 0 while we have
δ0L0 = −τ2p det G˜ijδaij =
= −τ2p det G˜ijG˜ij(λMν∂iXνδMN∂jXN + ∂iXM δMNλNν∂jXν) .
(3.28)
On the other hand it is easy to see that
δ−2L2 = −τ2p det G˜klδ(−2)G˜ijG˜ji =
= −τ2p det G˜klG˜ij(∂i(λµMXM )ηµν∂jXν + ∂iXµηµν∂j(λνMXM ))
(3.29)
using the fact that δ−2X
µ = ΛµMX
M . Now it is easy to see that δ−2L2+ δ0L0 = 0 thanks
to the conditions
λ
µ
Mηµρ + δMKλ
K
ρ = 0 , ηρνλ
ν
M + λ
K
ρδKM = 0 .
(3.30)
It is important to stress that the variation of the Lagrangian density L0 proportional to λMµ
is compensated by the variation of the Lagrangian density L2 which is in agreement with
[1]. On the other hand it is not completely clear how to deal the presence of the divergent
term in the Lagrangian when we analyze corresponding equations of motion. The well
defined procedure how to eliminate this term is to couple p-brane to background p + 1
form. We will show that this can be done in canonical approach too.
– 10 –
4. Elimination of Divergent Term
We begin this section with the case of the massive relativistic particle action in the form
S =
∫
dτ(ptt˙+ pMX˙
M − e(− 1
ω2
p2t + p
2
M + m˜
2)) (4.1)
and we see that the limit ω →∞ gives the result
S =
∫
dτ(ptt˙+ pMX˙
M − e(p2M + m˜2)) . (4.2)
From the Hamiltonian constraint p2M +m
2 = 0 we see that the non-relativistic limit can
be defined if we scale m˜2 = 1
ω2
m2. On the other hand the dynamics is still trivial since the
Hamiltonian constraint implies pMp
M = 0 that has solution pM = 0. In order to resolve
this problem let us consider the possibility that we couple the particle to the background
electromagnetic field so that the action has the form
S = −m˜
∫
dτ
√
−gABX˙AX˙B +M
∫
dτAAX˙
A (4.3)
so that the conjugate momentum is
pA =
m˜gABX˙
B√
−gABX˙AX˙B
+MAA (4.4)
that implies following constraint
Hτ = (pA −MAA)gAB(pB −MAB) + m˜2 ≈ 0 . (4.5)
We define non-relativistic limit when gAB = diag(−ω2, 1, . . . , 1), gAB = diag(− 1ω2 , 1, . . . , 1)
and also A0 = ω
2. Then the Hamiltonian constraint has the form
Hτ = pMpM − 1
ω2
p2t + 2Mpt −M2ω2 + m˜2 ≈ 0 (4.6)
Now we see that we derive well defined limit when we scale m˜2 as m˜2 =M2ω2 so that the
Hamiltonian for non-relativistic particle has the form
Hτ = pMpM + 2Mpt ≈ 0 . (4.7)
This is clearly non-relativistic Hamiltonian constraint and we see that it was crucial that the
particle coupled to the gauge field. It is now easy to determine corresponding Lagrangian
density using the equation of motion for XM and for t
X˙M =
{
XM ,H
}
= 2epM , t˙ = {t,H} = 2Me (4.8)
and hence
L = pMX˙
M + ptt˙−H = epMpM = 1
4e
X˙M X˙M =
M
2t˙
X˙M X˙M , (4.9)
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where in the last step we used equation of motion for t. Note that this Lagrangian has the
same form as the Lagrangian for non-relativistic particle derived in [28].
As the next step we consider fundamental string coupled to background NSNS two
form where the action has the form
S = −τ˜
∫
dτdσ
√− det gαβ + τ˜ ∫ dτdσBAB∂τXA∂σXB
(4.10)
so that we have following conjugate momenta
pA = −τ˜GAB∂αXBgβτ
√− det gαβ + τ˜BAB∂σXB (4.11)
that implies following Hamiltonian constraint
Hτ = (pA + τ˜BAC∂σXC)gAB(pB + τ˜BBD∂σXD) + τ˜2GAB∂σXA∂σXB ≈ 0 . (4.12)
In order to define stringy non-relativistic limit we choose following components of the
metric Gµν = ω
2ηµν , G
µν = 1
ω2
ηµν , µ, ν = 0, 1 so that we obtain Hamiltonian constraint
in the form
Hτ = 1
ω2
pµη
µνpν + 2pµτ˜
1
ω2
ηµνBνσ∂σX
σ + pMg
MNpN +
+
1
ω2
τ2Bµρ∂σX
ρηµνBνσ∂σX
σ + τ˜2ω2ηµν∂σX
µ∂σX
ν + τ˜2∂σX
M∂σXM ≈ 0 .
(4.13)
We see that the divergent term can be eliminated by suitable choice of the background
NSNS two form when we take Bµν = ω
2ǫµν , ǫ01 = −1. Further, the string tension is not
rescaled τ˜ = τ and hence the Hamiltonian constraint has the form
Hτ = 2τpµηµνǫνσ∂σXσ + pMpM + τ2∂σXM∂σXM ≈ 0 . (4.14)
This is the same form of the Hamiltonian constraint as was derived in [27].
The generalization of this procedure to the case of p−brane is straightforward. We
presume that this p−brane couples to Cp+1 form so that the action has the form
S = −τ˜p
∫
dp+1ξ
√
− detAαβ + τ˜p
∫
C(p+1) , (4.15)
where
C(p+1) = CA1...Ap+1dX
A1 ∧ . . . dXAp+1 = 1
(p+ 1)!
ǫα1...αp+1CA1...Ap+1∂α1X
A1 . . . ∂αp+1X
Ap+1
(4.16)
so that we have following conjugate momenta
pA = −τ˜GAB∂βXB(A−1)β0
√
− detA+ τ˜p
p!
CAA2...Ap+1ǫ
i2...ip+1∂i2X
A2 . . . ∂ip+1X
Ap+1 .
(4.17)
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Then it is easy to see that the Hamiltonian constraint has the form
Hτ = (pA − τ˜p
p!
CAA2...Ap+1ǫ
i2...ip+1∂i2X
A2 . . . ∂ip+1X
Ap+1)gAB ×
× (pB − τ˜p
p!
CBB2...Bp+1ǫ
j2...jp+1∂j2X
B2 . . . ∂jp+1X
Bp+1) + τ˜2p detAij ≈ 0 .
(4.18)
Now we presume that the metric has the form Gµν = ω
2ηµν , GMN = δMN , G
µν =
1
ω2
ηµν , µ, ν = 0, . . . , p so that we have
detAij = ω
2p det G˜ij + ω
2p−2 det G˜ijG˜
klakl (4.19)
and hence we obtain finite result if τ˜2pω
2(p−1) = τp and if we choose components of the p+1
form along 0, . . . , p directions in the form
Cµ0...µp+1 = ω
p+1ǫµ0µ1...µp+1 . (4.20)
To proceed further we use the fact that
τ˜2pω
2p
(p!)2
Cµµ2...µp+1ǫ
i2...ip+1∂i2X
µ2 . . . ∂ip+1X
µp+1ηµνCνν2...νp+1ǫ
j2...jp+1∂j2X
ν2 . . . ∂jp+1X
νp+1 =
= − τ˜
2
pω
2p
p!
ǫi1...ipǫj1...jp∂i1X
µ1∂j1Xµ1 . . . G˜i1j1 . . . G˜ipjp = −τ˜2pω2p det G˜ij
(4.21)
and we see that these two divergent contributions cancel. In other words we have following
final form of the Hamiltonian constraint
Hτ = −2τp
p!
pµǫµµ2...µp+1ǫ
i2...ip+1∂i2X
µ2 . . . ∂ip+1X
µp+1 + pMp
M + τ2p det G˜ijG˜
klakl ≈ 0
(4.22)
and we see that this Hamiltonian constraint is linear in non-relativistic momenta. Note
that the Hamiltonian constraint is invariant under transformations
δXµ = ωµνX
ν , δXM = ωMNX
N , (4.23)
where we observe an important fact that there is absent the mixed term λMµX
µ in the
variation of XM . This is a consequence of the fact that the presence of the background
p+ 1 form breaks the original Lorentz symmetry to the transformations (4.23) that leaves
the background p+ 1 form (4.20) invariant.
It is instructive to compare the Hamiltonian constraint (4.22) wit the one that was
derived in [5] where the Hamiltonian analysis of non-BPS Dp-brane was performed. The
Hamiltonian constraint derived in [5] can be easily truncated to the case of p-brane and
we obtain
Hsq.r.τ = pMpM + τ2p det G˜ijG˜klakl − τp
√
−pµ(ηµν − ∂iXµG˜ij∂jXν)pν . (4.24)
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Since we are interested in the physical content of the theory it is natural to consider the
gauge fixed theory and hence we impose spatial static gauge
Xi = ξi (4.25)
so that G˜ij = δij and hence (4.22) is equal to
Hτ = −2τpp0 + pMpM + τ2p δijaij ≈ 0 .
(4.26)
that agree with Hsq.rτ evaluated at the spatial static gauge too and hence we see that these
two Hamiltonian constraints are equivalent.
5. Particle Limit of p-Brane Action
Finally we consider the case when we perform particle like non-relativistic limit of p-brane
action where only the time direction is large
x˜0 = ωt , x˜M = XM , M = 1, . . . , d ,
τ˜p =
1
ω
τp . (5.1)
In this case we have following primary constraints
Hi = pt∂it+ pM∂iXM = 0
Hτ = − 1
ω2
p2t + pMp
M +
τ2p
ω2
detAij ≈ 0 ,
(5.2)
where Aij = −ω2∂it∂jt+ aij . Now we can write
detAij =
1
p!
ǫi1...ipǫj1...jp(−ω2∂i1t∂j1t+ ai1j1)× . . . (−ω2∂ipt∂jpt+ aipjp) =
= −ω2 1
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp + deta ,
(5.3)
where all terms of higher order in ω2 vanish due to the antisymmetry of ǫi1...ip . Then it is
easy to see that the Hamiltonian constraint has the form
Hτ = − 1
ω2
p2t + pMp
M − τ
2
p
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp +
τ2p
ω2
det a ≈ 0
(5.4)
and we see that it is well defined for ω →∞ when we obtain
Hτ = pMpM −
τ2p
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp ≈ 0 . (5.5)
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It is easy to see that the Hamiltonian constraint is invariant under non-relativistic trans-
formations
δpM = −ω NM pN , δXM = ωMNXN + λM t (5.6)
using the fact that δaij = λ
M (∂it∂jXM + ∂iXM∂jt) and then using an antisymmetry of
ǫi1...ip .
It is also instructive to determine corresponding Lagrangian. Note that the total
Hamiltonian has the form
H =
∫
dpξ(λτHτ + λiHi) (5.7)
so that we have following equations of motion
∂0X
M =
{
XM ,H
}
= 2λτpM + λi∂iX
N , ∂0t = {t,H} = λi∂it
(5.8)
and hence the Lagrangian density has the form
L = pM∂0XM + pt∂0t− λτHτ − λiHi =
=
1
4λτ
(a00 − 2λiai0 + λiλjaij) + λτ
τ2p
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp ,
(5.9)
where again aαβ = ∂αX
M∂βXM . To proceed further we solve the equations of motion for
λi and λτ
ai0 − aijλj = 0 ,
− 1
4(λτ )2
(a00 − 2λiai0 + λiλjaij) +
τ2p
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp = 0 .
(5.10)
If we presume that aij has an inverse we can find solution of the first equation as
λi = aijaj0 (5.11)
so that the equation of motion for λτ has the form
− 1
4(λτ )2
detaαβ
detaij
++
τ2p
(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp = 0
(5.12)
and hence the Lagrangian density has the form
L = τp
√
det aαβ
det aij(p− 1)!ǫ
i1...ipǫj1...jp∂i1t∂j1tai2j2 . . . aipjp (5.13)
It is clear that this analysis is valid for p > 1. The case p = 1 will be studied separately in
the next subsection.
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5.1 The Case of Fundamental String
In this case the Hamiltonian constraint has the form
Hτ = − 1
ω2
p2t + pMp
M − τ2F (∂σt∂σt−
1
ω2
∂σX
M∂σXM ) ≈ 0
(5.14)
that implies in the limit ω →∞ following Hamiltonian constraint
Hτ = pMpM − τ2F∂σt∂σt ≈ 0 (5.15)
which agrees with the Hamiltonian constraints found in [1].
It is interesting to find corresponding Lagrangian density. To do this we use again
canonical equations of motion
∂τX
M =
{
XM ,H
}
= 2λτpM + λ
σ∂σX
M ,
∂τ t = {t,H} = λσ∂σt
(5.16)
and hence the Lagrangian density has the form
L = pM∂τXM + pt∂τ t− λτHτ − λσHσ =
=
1
4λτ
(∂τX
M − λσ∂σXM )(∂τXM − λσ∂σXM ) + λττ2F∂σt∂σt .
(5.17)
Solving the equation of motion for λσ we obtain
λσ =
aτσ
aσσ
(5.18)
while the equation of motion for λτ has the form
− 1
4(λτ )2
(
aττ − a
2
τσ
aσσ
)
+ τ2F∂σt∂σt = 0 . (5.19)
Inserting this result into original Lagrangian density we finally obtain
L = τF
√
detaαβ
aσσ
∂σt∂σt . (5.20)
It is interesting that this Lagrangian does not have the same form as the Lagrangian found
in [1]. Explicitly, the Lagrangian density derived there has the form
L = −τF
∫
dτdσ
√
(∂τ t∂σXM − ∂σt∂τXM )(∂τ t∂σXM − ∂σt∂τXM ) =
= −τF
∫
dτdσ
√
∂τ t∂τ taσσ − 2∂σt∂τ taτσ + ∂σt∂σtaττ = −τF
∫
dτdσ
√
B .
(5.21)
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From (5.21) we obtain following conjugate momenta
pt = −τF ∂τ taσσ − ∂σtaτσ√
B
,
pM = −τF ∂τXM∂σt∂σt− ∂σt∂τ t∂σXM√
B
.
(5.22)
We again find that the bare Hamiltonian is zero while we have following collection of the
primary constraints
Hσ = pM∂σXM + pt∂σt ≈ 0 ,
Hτ = pMpM − τ2F∂σt∂σt ≈ 0 .
(5.23)
It is interesting that in case of fundamental string we can find the same form of the
Lagrangian density as in [1]. To see this note that the equation of motion for t implies
λσ =
∂τ t
∂σt
(5.24)
so that the Lagrangian has the form
L = 1
4λτ
(
aττ − 2∂τ t
∂σt
aτσ +
∂τ t∂τ t
∂σt∂σt
aσσ
)
+ λττ2F∂σt∂σt . (5.25)
Then solving the equation of motion for λτ we find
λτ = − 1
2τF
√
aττ − 2∂τ t∂σtaτσ + ∂τ t∂τ t∂σt∂σtaσσ
∂σt∂σt
. (5.26)
Inserting this result back into (5.25) we finally obtain
L = −τF
√
aττ∂σt∂σt− 2∂τ t∂σtaτσ + ∂τ t∂τ taσσ (5.27)
that agrees with (5.21).
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